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ABSTRACT

Magnetic survey flights by helicopters are usually parallel to 

the topographic surface, with a nominal clearance, but especially 

in high-resolution surveys the altitudes at which observations are 

made may be too variable to be regarded as a smooth surface. 

We have developed a reduction procedure for such data using 

the method of equivalent sources, where surrounding sources are 

included to control edge effects, and data from points distributed 

randomly in three dimensions are directly modelled. Although the 

problem is generally underdetermined, the method of conjugate 

gradients can be used to find a minimum-norm solution. There is 

freedom to select the harmonic function that relates the magnetic 

anomaly with the source. When the upward continuation function 

operator is selected, the equivalent source is the magnetic anomaly 

itself. If we select as source a distribution of magnetic dipoles in 

the direction of the ambient magnetic field, we can easily derive 

reduction-to-pole anomalies by rotating the direction of the 

magnetic dipoles to vertical.

INTRODUCTION

Recent developments in aeromagnetic surveying, including 

improved accuracy of position fixing and navigation, have enabled 

us to detect more details of subsurface structure. Surveys are 

accordingly being conducted with narrower line spacings and 

at lower altitudes. In mountainous regions such as in Japan, 

helicopter survey flights are required to maintain adequate altitude 

over rugged terrain, but it is difficult to fly exactly along the 

planned observation surface.

We are developing an integrated system for helicopter-borne 

magnetic surveys, from the measuring equipment and data 

processing to data reduction procedures and interpretation. In this 

paper we deal with the reduction of magnetic anomalies observed 

at varying elevations to a consistent surface for further processing 

or interpretation.

Data processing systems for aeromagnetic surveys in the 

past were often constructed with the implicit assumption that 

the observations were acquired on a plane surface, and gridded 

magnetic anomaly distributions were derived by techniques such 

as the method of minimum curvature (Briggs, 1974). Where 

aeromagnetic reconnaissance survey flights are flown at constant 

barometric altitude, such assumptions may be acceptable. However, 

for helicopter-borne data acquisition on a draped observation 

surface, the data processing methodology should be re-examined. 

Although many authors have discussed techniques for reducing 

the observed data from one curved surface to another surface, 

based upon potential field theory, there is still the problem of how 

to derive a surface distribution from randomly placed observation 

points. The observation points should be considered to be randomly 

distributed in three-dimensional space because the altitude of the 

helicopter platform may vary from line to line, and survey lines 

and tie lines may ‘cross’ with different elevations (strictly speaking, 

they do not intersect, in three-dimensional space).

In this paper we discuss a data processing scheme for three-

dimensionally random observations from a helicopter-borne 

magnetic survey. The data processing schemes are applied to 

synthetic model data to demonstrate the advantage of our new 

scheme, and we also apply them to an actual survey to confirm the 

validity of our processing method.

CONTINUATION OF MAGNETIC ANOMALIES 

BETWEEN ARBITRARY SURFACES

Here we discuss a method of reducing magnetic anomalies 

observed on one curved surface to another surface. Among the 

methods for performing such a reduction, the idea of the equivalent 

source has been discussed by many authors (Dampney, 1969; 

Nakatsuka, 1981; Hansen and Miyazaki, 1984; Cordell, 1992; 

etc.). Summarising them, Makino et al. (1993) pointed out that 

any harmonic function might be the kernel of the integral equation 

combining the magnetic anomaly distribution with the equivalent-

source distribution:

 

                    
(1)

where E(s) is the equivalent-source distribution at the point s on 

the infinite (or closed) surface S, F(p) is the magnetic anomaly at 

the observation point p above (or outside) S, and W(p, s) is the 

harmonic function combining F(p) with E(s). Here all sources are 

assumed to exist below (or inside) the surface S. The reduction 

procedure is as follows. Once we adopt an harmonic function 

W, we can estimate the equivalent-source distribution E as an 

inverse problem of integral equation (1). Then we can get the 

magnetic anomaly F at any position above the surface S by the 

forward calculation of the same equation (1). If, as is common, the 

integration is replaced by numerical integration, equation (1) can 

be expressed in Cartesian coordinates as

             
(2)

The physical meanings of W and E have not been mentioned 

here, as they may be different depending on the form of the 

harmonic function W. If we choose W to be the upward continuation 

operator,

 (3)

then E is also a magnetic anomaly, on the source surface S. Makino 

et al. (1993) called this the “equivalent anomaly”, and applied the 
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method to grid data from a stepped observation surface. As the 

operator (3) is quite simple and does not become ill-conditioned, 

the reduction process works quite well.

EDGE EFFECT AND MINIMUM NORM ANALYSIS

In practice, we deal with magnetic anomaly distributions known 

only over a limited domain, which gives rise to the problem of 

edge effect, or truncation error. Equation (1) includes integration 

over an infinite (or closed) surface, but in actual problems we must 

restrict the summation in equation (2) to a finite range. The result 

of this finite-range summation will inevitably have some error, 

especially in the outer zone.

Nakatsuka (1995) developed a method of introducing surrounding 

sources in the analysis of magnetisation intensity mapping, and 

showed that this was able to mitigate edge effects well. Although 

the inverse problem usually becomes underdetermined because the 

number of unknown parameters exceeds the number of observation 

values, asymptotic iteration by the method of conjugate gradients 

(CG) gives a minimum Euclidean-norm solution. The choice of 

a minimum-norm solution implies that the result of the analysis 

is, among probable solutions, the nearest to a reasonable starting 

model. This is quite desirable in practical applications, because the 

analysis of potential field data has the essential difficulty that there 

is no unique solution. (If no other prior information is available, 

uniformly magnetised terrain is often used as a starting model.)

This idea of obtaining a minimum-norm solution, using 

surrounding sources to mitigate edge effects, can also be 

introduced in the data reduction process described in the previous 

section. Figure 1 is a schematic view of three surfaces with and 

without surrounding sources. The equivalent-source distribution 

on the “Surface of eqv. Source” is obtained by inversion of the 

observational data on the “Obs. Surface”, after which the magnetic 

anomaly distribution on the “Reduction Surface” can be derived 

from the equivalent sources.

A synthetic model example is illustrated in Figure 2. Each 

of the eight panels shows the distribution of either magnetic 

anomalies or altitudes within a square area of 6 km × 6 km. Panel 

[B] indicates the altitudes (above sea level) of the observation 

surface, while [A] is the synthetic total-field magnetic anomaly on 

that surface. The locations of two source bodies are shown in [D], 

and their parameters are given in the top right part of the figure. 

The gently sloping surface also shown in panel [D] is the surface 

to which magnetic anomalies are to be reduced, and is a smoothed 

version of the surface in [B]. The theoretical total-field magnetic 

anomaly on that surface is shown in [C]. Although the magnetic 

anomaly pattern [A] is similar to [C], there is considerable 

difference between them.

The data [A] were processed to reduce them to the surface [D]. 

Panels [G] and [E] are the results from two cases, with and without 

surrounding sources, respectively. The equivalent-source surface 

was taken to be 500 m below the reduction surface [D], and source 

effects were truncated at a horizontal distance of 3 km. The width 

of the zone of surrounding sources in the calculation of panel [G] 

was the same as this truncation distance. Even if a much smaller 

zone width were selected, the result would scarcely differ, as was 

discussed by Nakatsuka (1995). In this study, a null source was 

selected as the initial equivalent-source model.

Both reduction results [E] and [G] seem quite similar to the 

theoretical result [C]. However, there are differences near the 

bottom left (SW) corner. The differences between [E] and [G] and 

the ideal result [C] are plotted in [F] and [H], respectively. The 

effect of ‘source1’ is reconstructed well in both results, because 

that source is located enough well inside the area of analysis. 

On the other hand, a relatively large edge effect for ‘source2’ is 

evident in [E] and [F], where the reduction is performed without 

surrounding sources, because of the location of the source on the 

border of the mapped area. The edge effect is very small in the 

result from the reduction with surrounding sources (panels [G] 

and [H]).

This example demonstrates that the introduction of surrounding 

sources into equivalent-source analysis is effective in avoiding 

edge effect errors.

EQUIVALENT SOURCE ESTIMATION DIRECT FROM 

RANDOM POINT DATA

The data processing above is based on gridded data, and 

the survey data along actual flight lines were interpolated onto 

a regular grid before the reduction process. We usually use 

the method of “continuous curvature splines in tension” (CCT 

method) of Smith and Wessel (1990), which is also implemented 

in the well-known powerful tool for geophysicists, GMT (Wessel 

and Smith, 1998).

Gridding programs generally expect input data to be samples of 

the distribution of a physical quantity on a plane, or at least on a 

gently sloping surface. In our helicopter surveys, however, adjacent 

flight paths might be very close to, or even cross, each other, but 

at different altitudes. Such circumstances, if ignored, might give 

rise to errors at the gridding stage. To overcome this difficulty, 

we propose to derive the equivalent-source distribution on some 

regular surface without grid interpolation, i.e., directly from 

the recorded survey line data. This will be an underdetermined 

problem again, because the average line spacing is specified to 

match the horizontal resolution aimed at in the survey, so the 

data processing must be detailed enough to represent the required 

resolution. However, this problem can also be solved using the CG 

method to find the minimum-norm solution.

To demonstrate the advantage of our proposal, we again begin 

with a synthetic model. Figure 3 consists of 9 panels [A] – [H] 

and [L], and each panel covers a 6 km × 6 km square area. The 

anomalous source parameters are the same as in Figure 2.

We assume 12 lines were flown as in panel [L], and two of 

them cross each other but are at different altitudes. The numbers 

written along lines indicate the flight path altitudes, in metres 

above sea level. There are 1776 observation points in total, at each 

Nakatsuka and Okuma Helicopter-borne magnetic anomaly reduction

Fig. 1. Schematic 
framework of 
reduction by an 
equivalent-source 
technique with or 
without a surrounding 
source zone.
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of which model total-field magnetic anomalies were calculated 

theoretically, to be regarded as observed data.

We used the CCT method, after Smith and Wessel (1990), to 

get magnetic anomaly data on a regular grid, shown in [A]. To 

determine the topographic (altitude) surface to which the magnetic 

anomalies in [A] are attributed, we applied the CCT method once 

more, to the altitudes of the input data, to compute an altitude 

map, shown in [B]. As these two results are derived independently, 

there is no valid reason to expect consistency between them. 

Nevertheless, we regard the magnetic anomaly [A] is having been 

observed on the surface [B], as would probably be assumed in 

conventional data handling. We select the reduction surface [D] 

(a smoothed version of [B]), as the surface on which a reduced 

magnetic anomaly distribution is to be derived. The theoretical 

total-field anomaly on this surface was calculated, and is the ideal 

result of the reduction process — panel [C].

We applied two reduction methods, one beginning with gridded 

data [A] and the other working directly from the line data [L]. The 

results are shown in [E] and [G], respectively. Although both are 

generally similar to the ideal result [C], differences are noticeable, 

Fig. 2. The effect of a surrounding source zone on reduction, using a synthetic model example. The synthetic total-field magnetic anomaly [A] 
calculated on the surface [B] was regarded as the observed data. The locations and parameters of anomalous source bodies are shown in [D] and 
in the top right panel. Two reduction procedures, with and without a surrounding source zone, were applied to derive total-field anomalies on the 
reduction surface [D], a smoothed version of [B]. The theoretical anomaly [C] on this surface is the ideal result of the reduction process. [G] and 
[E] are the actual results from the two procedures, and the differences from the ideal [C] are represented in [H] and [F], respectively. [A]–[H] all 
represent 6 km × 6 km areas. In [B] and [D] altitude contours are at 50 m intervals. In [A], [C], [E], and [G] total-field contours are at intervals of 
10nT, and dashed lines show negative values. In [F] and [H] the contour interval is 0.5nT. The edge effects revealed in [F] are reduced by the use of 
a surrounding source zone, as shown in [H].

Nakatsuka and Okuma Helicopter-borne magnetic anomaly reduction
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both in peak values and in distortion of contour lines. To make 

clear the performance of each method, differences from the 

theoretical anomaly [C] are presented in [F] and [H], respectively. 

As these panels show the simple differences (not ratios), there is a 

tendency for the difference to become larger where the amplitude 

of the original magnetic anomaly is larger. However, in these 

panels it is evident that reduction by way of gridded data gives a 

less-accurate result, especially at shorter wavelengths, and in the 

zones between survey lines. The method of reduction directly from 

survey line data is an appropriate, and better, alternative.

CALCULATION OF REDUCTION-TO-POLE 

ANOMALIES BY USING EQUIVALENT SOURCES WITH 

MAGNETISATION DIRECTION

Data from high-resolution helicopter-borne aeromagnetic 

surveys in mountainous region are reduced to a smooth surface in 

order to avoid the effect of rapid fluctuations of sensor altitude. If 

the altitude range is too great, reduction to a horizontal plane might 

result in a loss of resolution, so generally the data are reduced 

to a smoothly undulating surface along the topography. As this 

Fig. 3. Comparison of two reduction procedures, one using an intermediate data-gridding step and the other calculating directly from survey line 
data, applied to the synthetic model example. Synthetic anomalies were calculated along the 12 lines in [L] (at the altitude values shown) using the 
same anomalous source parameters as in Figure 2. Grid interpolation from this line data gives the total-field anomaly shown in [A] and the altitude 
surface in [B] using the method of Smith and Wessel (1990). The two data sets, gridded data [A] and survey line data [L], were put into the reduction 
process to derive total-field anomalies on the reduction surface [D], a smooth version of [B]. The theoretical anomaly [C] on this surface is the ideal 
result of reduction. Panels [E] and [G] are the actual results from the two processes, and the differences from the ideal [C] are represented in [F] 
and [H], respectively. In [B] and [D] the altitude contours are at 20 m intervals. Panels [A], [C], [E], and [G] are total-field anomalies with contour 
intervals of 10nT, where dashed lines show negative values. In [F] and [H] the contour interval is 2nT. Reduction that includes the gridded-data step 
appears to give less-accurate results, and the direct reduction from line data is preferred.

Nakatsuka and Okuma Helicopter-borne magnetic anomaly reduction
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surface is not a plane, conventional filtering methods using Fourier 

techniques are not applicable in principle. Nevertheless, we often 

want to convert total-field data to reduction-to-pole anomalies, for 

easier correlation with subsurface structures in the interpretation 

of magnetic anomalies.

We now investigate the problem of calculating reduction-to-pole 

anomalies on the undulating surface. We consider a distribution 

of equivalent sources with specified magnetisation direction 

properties. If we could obtain an equivalent-source distribution 

that reproduces the field observation, and whose magnetisation 

directions coincide with those of actual source bodies, then the 

reduction-to-pole anomalies can be calculated by rotating the 

directions of magnetisation, and the ambient magnetic field, to the 

vertical. As the magnetisation direction of actual source bodies are 

generally not known, it is usually assumed that the direction of 

magnetisation is parallel to the ambient magnetic field.

The equivalent-source model we deal with now is a distribution 

of magnetisation in the direction of the ambient magnetic field, 

on a specified surface. The formula for calculating total-field 

magnetic anomalies from such an equivalent-source distribution, 

when the integration is discretised, results in the summation of 

magnetic anomalies of point dipoles. This is also given by equation 

(2) where W is now

 

4)

where

(p
x
, p

y
, p

z
) are the direction cosines of the magnetisation vector, 

and

(e
x
, e

y
, e

z
) are the direction cosines of the ambient magnetic field 

vector. 

V can be an arbitrary factor. If we consider V to be the 

equivalent volume of each discretised point source, the quantity 

E in equation (2) becomes magnetisation (e.g., in A/m). In actual 

calculation, the inverse problem of equation (2) is solved first 

using the CG method, with the direction cosines given their 

observed values. Once the equivalent-source distribution E has 

been found, the reduction-to-pole anomalies are given by the 

forward calculation of equation (2), with the two directions set 

vertical (i.e., p
x
 = p

y
 = e

x
 = e

y
 = 0, and p

z
 = e

z
 = 1).

Fig. 4. Calculation of reduction-to-pole anomalies using the synthetic model of Figure 3. There are four results [c]–[f], all of which are a reduction-
to-pole anomaly calculated on the reduction surface [b]. The ideal result is the theoretical one [a]. The results [c] (from gridded data) and [e] (from 
survey line data) are derived by the method of rotating equivalent-source magnetisation, while [d] and [f] are from the conventional Fourier series 
calculation (applied to the data of Figure 3 [E] and Figure 3 [G], respectively). Panels [c]–[f] have contours at 20nT intervals, and the areas in which 
differences with [a] exceed 20nT are shaded.
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Figure 4 illustrates the results of this method applied to the 

same model example as in Figure 3. Here the direction parameters 

of 45°N inclination and 7°W declination for both magnetisation 

and ambient magnetic field were used (p
x
 = e

x
 = 0.702, p

y
 = e

y
 = 

-0.086, p
z
 = e

z
 = 0.707). There are six panels [a] – [f] in Figure 4. 

Panel [b], which is the same as Figure 3 [D], shows the shape of the 

reduction surface and the location of model sources, and [a] is the 

theoretical reduction-to-pole anomaly on that surface. The panel 

[c] is derived from the total-field magnetic anomaly mesh data 

shown in Figure 3 [A], at the altitudes of Figure 3 [B], and [e] is 

from the survey line data, Figure 3 [L], without grid interpolation. 

Panels [d] and [f] in Figure 4 are the results of conventional 

Fourier-method calculation with the assumption that the input data 

lie on a horizontal plane. Panel [d] is the result calculated from the 

gridded total-field anomaly Figure 3 [E], and [f] from Figure 3 [G] 

(reduced directly from the survey line data).

On panels [c] - [f], shaded areas show where the difference from 

the theoretical value [a] exceeds 20nT. It is noted that these error 

zones spread more widely for results [d] and [f], probably because 

of the improper assumption that the magnetic anomaly is observed 

on a horizontal plane. Panel [c] shows calculated peak values that 

are smaller and contour lines that are distorted more than in panel 

[e], calculated by our proposed method. This demonstrates that our 

method of calculating the equivalent-source distribution directly 

from line data, and then rotating the directions of equivalent-

source magnetisation and the ambient magnetic field, is the best 

method to recover reduction-to-pole anomalies.

FIELD EXAMPLE

We applied the equivalent-source techniques above to an actual 

aeromagnetic survey in order to confirm their practicality with 

field data. In this survey area, a Tertiary volcanic complex with 

a cauldron structure is known from geological mapping. Three 

flights on the same day covered the survey area of approximately 

10 km × 12 km, using a helicopter equipped with a nose-boom 

cesium-vapour magnetometer sensor (Nakatsuka and Okuma, 

2005). After removing the International Geomagnetic Reference 

Field (IGRF) (Nakatsuka, 2005) as a regional trend, and the 

diurnal variation of the magnetic field using data from a ground 

base station, we applied a passive magnetic compensation for the 

aircraft’s magnetic field (Nakatsuka and Okuma, 2005) using data 

from a compensation test flight on the previous day.

To construct a total-field magnetic anomaly map, we applied 

two reduction procedures, one by way of gridded data and the 

other directly from survey line data, both with a surrounding zone 

of equivalent sources, and the results are shown in Figure 5 (A) 

and (B), respectively. The reduction surface (altitude), shown in 

Figure 6 (A), was smoothly averaged from actual flight altitude 

data. There is little difference between the results of the two 

procedures, probably because of the relatively high amplitudes of 

the large-scale magnetic anomalies. Although we cannot identify a 

“correct” solution in the field data, there is no indication of defects 

in either result. As was suggested in an earlier section, the shorter-

wavelength anomalies are recovered more correctly by the method 

direct from line data, so it will be likely that the procedure of direct 

reduction from line data will produce a more realistic result.

The same data (survey line data) were also used to calculate 

the reduction-to-pole magnetic anomalies, by the method of 

rotating the equivalent-source magnetisation. The directions of 

magnetisation and ambient magnetic field are both assumed to 

be 49°N inclination, 7°W declination, calculated from the IGRF 

in the area. Figure 6 (B) is the result. The bipolar pattern of total-

field anomalies seen in Figure 5 (A) and (B) has been converted 

successfully to a unipolar pattern, which represented clearly the 

cauldron structure and the distribution of other magnetic rock 

bodies.

CONCLUDING REMARKS

In processing data from helicopter-borne aeromagnetic surveys 

Fig. 5. Results of reduction of actual total-field survey data, by way of gridded data, and direct from survey line data. The contour interval is 5nT, 
and dashed lines indicate the survey flight tracks. The reduction surface altitude is shown in Figure 6 (A).
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in mountainous regions, the reduction of data observed at varying 

elevations is a crucial problem. We have developed a method, 

and the appropriate software, to deal with such data using an 

equivalent-source technique based on properties of potential fields, 

and we have applied the method to synthetic models to examine 

its performance.

From the model studies, we make the following suggestions:

(1) The introduction of an additional zone of equivalent 

sources around the area of observation is useful to avoid edge 

effects in the calculated fields.

(2) When deriving equivalent sources from observed 

magnetic anomalies, the use of an intermediate step of grid 

interpolation by conventional methods may be detrimental, 

especially when observation altitudes are highly variable. Using 

our procedure of reduction using sources calculated directly from 

survey line data is recommended.

(3) Reduction-to-pole anomalies can be calculated efficiently 

at the same time as the altitude reduction, by using an equivalent-

source model that includes magnetisation direction parameters, 

and rotating the directions of magnetisation and ambient magnetic 

field to the vertical for the final forward calculation.

(4) Although these reduction procedures include an inversion 

step that is usually an underdetermined problem, finding the 

minimum Euclidean norm solution using the conjugate gradient 

method gives an appropriate result.

The equivalent-source technique above was also applied to data 

from an actual survey, confirming that the method is practical.

This technique does not require extensive computing resources. 

The turn-around time for each processing workflow in this study 

was roughly several minutes, using a Linux OS on a 1 GHz 

Pentium III processor with 512 MB RAM.
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